Electron-Backscattering-Assisted High Harmonic Generation from Bilayer
  Nanostructures by Yu, Chao et al.
1 
 
Electron Backscattering Assists Solid Harmonic Generation From 
Bilayer Infrastructure 
Chao Yu,
1
 Shicheng Jiang,
1
 Tong Wu,
1
 Guanglu Yuan,
1
 Yigeng Peng,
1
 Cheng Jin,
1
 and 
Ruifeng Lu
1,2,*
 
1
Department of Applied Physics, Nanjing University of Science and Technology, Nanjing 
210094, P R China 
2
 State Key Laboratory of Molecular Reaction Dynamics, Dalian Institute of Chemical 
Physics, Chinese Academy of Sciences, Dalian 116023, P R China 
 
 
 
In the framework of time-dependent density functional theory, we find a much 
extended high-order harmonic generation from bilayer crystals with large interlayer 
spacing of several nanometers. An ultrafast strong laser with grazing incidence to 
such kind of infrastructures leads to a clear double-plateau structure in harmonic 
spectrum. Traditional three-step model fails in interpreting the second plateau of 
photon energy far beyond atomic-like harmonics. Here, we propose a four-step model 
which includes the backscattering of the ionized electrons to understand the cutoff 
extension, and our classical model well explains this backscattering process. 
Moreover, the cutoff is continuously extended with increasing the interlayer spacing 
of planar crystals and the conversion efficiency in the second plateau is significantly 
enhanced by driving laser with longer wavelengths. This work thus establishes a novel 
and efficient way to produce high-energy light source up to soft X-ray region at 
nanoscale, which could be utilized as a compact platform for attosecond photonics.  
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As one of the most prominent methods to develop attosecond science, high-order 
harmonic generation (HHG) from gaseous media has been studied extensively over 
several decades [1–5]. Two main challenges for further HHG experiments are well 
known: (i) continuously increasing the harmonic conversion efficiency and (ii) 
extending the cutoff energy to achieve practical attosecond photonics [6]. Recently, 
the possibility of realizing efficient high harmonics from solid materials has attracted 
much attention [7–17], which offers opportunities to obtain extreme ultraviolet 
sources [11, 18–20] and study ultrafast electron dynamics in condensed matters [21, 
22].  
Remarkably, Luu et al. [11] applied a sub-cycle synthesized field with 
bandwidths that covers the ultraviolet and near-infrared spectral regions to a silicon 
dioxide crystal and showed the total photon yield of fused silica is higher than the 
noble gases. In search of more efficient solid media for HHG, two-dimensional (2D) 
materials have become the focus of research, such as graphene [13, 23–25], 
monolayer molybdenum disulphide (MoS2) [13, 26] and hexagonal boron nitride 
(h-BN) [27–29]. In this regard, Yoshikawa et al. [13] observed the HHG signal in 
graphene dramatically enhanced under elliptically polarized excitation. Compared to 
the MoS2 bulk, Liu et al. [26] found the harmonic efficiency per layer exhibits 
significant enhancement in layered structures. Besides, Tancogne-Dejean et al. [27] 
predicted that monolayer and few-layer materials are promising for efficient HHG 
because of their strong inhomogeneity of the electron-nuclei potential. 
In solid HHG, the energy cutoff scales linearly to the peak field [7] and it also 
depends strongly on the electronic band structure [11, 30]. However, the maximum 
intensity that could be applied to a bulk material is intrinsically limited by its damage 
threshold. Hence, the cutoff of solid HHG is in principle restricted by the peak 
intensity of driving laser and maximum energy gap at the Brillouin zone edge [31, 32]. 
Unfortunately, the existing experiments also indicate that the cutoff in solid harmonic 
spectrum is unfavorable compared to that from gases which can reach the soft X-ray 
range [16]. More recently, Tancogne-Dejean et al. [33] demonstrated atomic-like 
HHG in monolayer h-BN when laser polarization is perpendicular to the material 
surface. Indeed, this is an interestingly novel approach for generating high-order 
harmonics based on a solid-state device, with an energy cutoff and a more favorable 
wavelength scaling of the harmonic yield similar to those in atomic and molecular 
gases.  
Since the atomic-like HHG in monolayer takes both advantages of high cutoff 
energy in gases and high conversion efficiency in solids [33], we extend the 2D target 
to bilayer geometry to explore the interlayer effect in solid HHG. In this letter, we take 
h-BN as the prototypical case. The bilayer h-BN infrastructure is constructed with 
large interlayer spacing at the order of nanometers. We are not aiming at discussion of 
interlayer coupling inside the bilayer with equilibrium distance less than 4 angstrom, 
which has been already addressed to some extent [34]. In fact, the stacking pattern 
and ingredient of distant bilayer will not affect the main conclusions. Also, more 
complicated infrastructure analogous to metasurface [35] is not the scope of this work. 
To drive the ionization of electron populated on the valence band of h-BN without 
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damage, we use a strong laser grazing incidence to the material surface. In the 
framework of time-dependent density functional theory (TDDFT), the HHG spectra 
of monolayer h-BN and distant bilayer h-BN were simulated by the state-of-the-art 
Octopus code [36]. It is very encouraging that this ab initio code has successfully 
studied the ellipticity-dependence HHG in bulk silicon and MgO [37], the 
polarization-state-resolved high-harmonic spectroscopy from silicon [38], and HHG 
in some complex systems, such as strongly correlated material [39] and spin-polarised 
h-BN with defects [40]. We included a full description of electron-electron and 
electron-ion interactions in TDDFT calculations, and more numerical details are 
provided in supplemental materials. 
In Fig. 1, the simulated high harmonic spectra from monolayer, bilayer h-BN 
with interlayer spacing of d = 40 angstrom (4 nm) and d = 70 angstrom (7 nm) are 
displayed. We choose almost the same laser parameters in Ref. 33. The laser 
polarization is perpendicular to the h-BN surface and the peak intensity is I = 1.0×10
14
 
W/cm
2
. The laser wavelength is 1600 nm and the full width at half maximum of the 
Gaussian-envelop laser is 15 fs. The calculated work function Ew of monolayer h-BN 
is about 6.0 eV within the adiabatic local density approximation, suggesting that 
layered h-BN can be exposed to such intense and short laser for an out-of-plane 
electric field without damage [33]. In addition, under such laser parameters, Zener 
tunneling dominates the transition according to Keldysh parameter w
p2
E
U
  , where 
Up = I/4ω
2
 is the ponderomotive energy of the electron in the applied laser field. For 
monolayer h-BN, the emitted harmonics present atomic-like HHG features [33] and 
the cutoff energy shown in Fig. 1 (green line) is in very good agreement with the 
predicted value (Ecutoff = Ew+3.17 Up) by the three-step model [41, 42]. Fig. 2(a) 
schematically plots the physical processes in traditional three-step model for HHG 
from monolayer h-BN. First, electrons are released via tunneling near each peak of 
electric field. In a periodically oscillating laser field, the electrons will be driven to the 
farthest point where their velocity becomes zero during about half optical cycle. Then, 
electrons could be accelerated by the laser field in reverse direction and return back to 
monolayer h-BN. Finally, they recombine with the parental material, releasing the 
energy acquired by acceleration in the form of photon emission. 
Quite different from the monolayer case, the harmonic spectra of bilayer h-BN 
with large interlayer spacing present a distinct double-plateau profile, as shown in Fig. 
1 with blue line for d = 40 angstrom and red line for d = 70 angstrom. Apparently, the 
cutoff energy values corresponding to the first plateaus for both d = 40 angstrom and 
d = 70 angstrom are almost the same as that of the monolayer, which indicates that the 
atomic-like three-step model in Fig. 2(a) also dominates the harmonic emission in the 
first plateau. However, the second plateau with photon energy far beyond the 
atomic-like HHG could not be interpreted by three-step model. Ab initio simulation 
results show that the cutoff values of the second plateaus are tremendously extended 
to Ew+4.89 Up and Ew+9.53 Up for d = 40 angstrom and d = 70 angstrom, respectively.  
To understand these extraordinary extension regarding the second plateau, we 
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propose a four-step model shown in Fig. 2(b): (i) electrons are released from each 
h-BN monolayer, (ii) as the electronic movement is confined by interlayer space, the 
electrons will be backscattered when they are driven from one layer to the other, (iii) 
electrons are accelerated by the laser field in reverse direction and return back with a 
nonzero initial velocity after backscattering, (iv) electrons recombine with the 
parental layer releasing photons of higher energy. Please keep in mind that the first 
and the final steps (i.e. electrons releasing and recombining) in our four-step model 
are the same as those in traditional three-step model. Normally, a maximum energy of 
10 Up for harmonic emission can be achieved when electrons are scattered by 180º 
[43]. Therefore, the additional backscattering step that endows electron with a large 
initial velocity for the following acceleration is the key to form the second 
high-energy plateau. 
For a more intuitive description of backscattering process, the time evolution of 
the induced electronic density for distant bilayer h-BN is shown in Fig. 2(c). The 
interlayer spacing here is d = 40 angstrom and laser parameters are the same as those 
in Fig. 1. Clearly, the time-dependent electronic wavepackets evolve in bundles with 
two types of visible trajectories. These two types of trajectories that return to the 
parental layer both result in HHG. In more detail, the trajectories labeled by purple 
hollow arrows outside the bilayer represent the processes in traditional three-step 
model. Moreover, the brand-new trajectories between the two layers in four-step 
process are marked by white hollow arrows. As predicted, both types of trajectories 
are emerged periodically per half optical cycle, which means that trajectories either in 
three-step model or in four-step model lead to harmonic emission in every half optical 
cycle. 
In order to study the harmonic spectra in time domain, time-frequency analyses 
of HHG from bilayer h-BN with d = 40 angstrom and d = 70 angstrom are presented 
in Fig. 3(a) and 3(b), respectively. As seen from Fig. 3(a), it can be determined that 
the harmonic spectra in time domain are comprised of two plateaus, one is originated 
from the three-step model with maximum energy of about Ew+3.17 Up and the other is 
due to the four-step processes including backscattering with a cutoff reaching to 
Ew+4.89 Up. Within multiple optical cycles, several central peaks in the 
time-frequency maps corresponding to the second plateau are labeled as P1, P2, P3, 
and P4 for convenience. Similar to the harmonic emission features in the first plateau, 
harmonics also burst in every half optical cycle in the second plateau, but the 
emission time of each peak in the second plateau is shifted earlier than that of the first 
plateau, which can be explained by the motion constraint of ionized electron inside 
the interlayer region. 
For better elucidating the striking phenomena derived from TDDFT quantum 
calculations, we develop a simplified model based on classical Newtonian equation. 
In this classical model, the electronic motion in the aforementioned laser field EL(t) is 
described by L ( )x E t  . Here, the Coulomb attraction to the parent layer is 
neglected and we assume the electron emerges on the outside of tunneling barrier with 
zero velocity 0( ) 0t  . Thus, the electron’s velocity following the laser field can be 
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described by L L 0( ) ( ) ( )t A t A t   , where the vector potential AL(t) is defined by EL(t) 
= AL(t)/dt. Backscattering takes place once the electrons arrive to the other layer. We 
note the type of backscattering calculated here is treated as an elastic scattering, which 
implies that the momentum of electron is reversed as b ( ) ( )t t    during 
backscattering. The classical ionization and recollision energy diagrams for bilayer 
h-BN with d = 40 angstrom and d = 70 angstrom are shown in Fig. 3(c) and 3(d), 
respectively. In Fig. 3(c), we clearly see that both long and short trajectories 
contribute to HHG in the first plateau, in consistent with the time-frequency analyses 
in Fig. 3(a). It is well established that a free electron can gain a maximum energy of 
3.17 Up, and this limit obeys the cutoff position determined in the first plateau. 
Furthermore, the origin of the second plateau in HHG from bilayer h-BN with large 
interlayer spacing can be analyzed perfectly by our classical model which exactly 
computes the energy value of 4.89 Up by a momentum reversion after backscattering. 
As well, three trajectories in Fig. 3(c) contribute to HHG in the second plateau, 
agreeing well with the time-frequency analysis in Fig. 3(a). Due to the trajectories (Tr 
1 and Tr 2) will be degenerated when the interlayer spacing is increased (see Fig. s1), 
we define the maximum energy of trajectory 3 (Tr 3) as the cutoff energy. Compared 
to d = 40 angstrom, the electron can achieve an energy as high as 9.53 Up in the 
second plateau for d = 70 angstrom (Fig. 3(d)). 
Furthermore, the dependence of HHG on interlayer distance is provided in Fig. 
4(a). The laser parameters are identical to those in Fig. 1. It is natural that the cutoff 
energy (Ecutoff = Ew+3.17 Up) of the first plateau is unchanged. For the second plateau, 
the purple line in Fig. 4(a) represents the cutoff values calculated by the classical 
model. The cutoff of the second plateau is extended near linearly with the increasing 
of the interlayer spacing of bilayer h-BN. However, the conversion efficiency of the 
second plateau is greatly weakened for larger interlayer spacing, which is 
understandable considering that the chosen laser condition allow less electrons to 
reach the other layer for d > 70 angstrom. In terms of the wavelength dependence, we 
simulated the HHG from distant bilayer with interlayer spacing fixed at d = 70 
angstrom. In Fig. 4(b), the harmonic yield in the first plateau decreases drastically as 
the laser wavelength increased, because of a time-space spreading of the electron 
wave packet during its free evolution in vacuum [44, 45]. In bilayer infrastructure, the 
decrease in harmonic yield with increasing the interlayer spacing (Fig. 4(a)) can be 
attributed to the restricted spreading of the electron wave packet between the two 
layers. Nevertheless, increasing wavelength will permit slow electrons moving further 
in space, accordingly more electrons can travel from one layer to the other and are 
backscattered. As shown in classical ionization and recollision plots in Fig. s2, 
trajectories 1 and 2 are gradually survived. Therefore, the conversion efficiency of the 
second plateau is significantly enhanced with increasing the wavelength. 
In conclusion, from ab initio TDDFT calculations together with quantum 
time-frequency and classical model analyses, we suggest a not yet discovered strategy 
to achieve high-intensity and high-energy harmonics from solids, i.e., with the merits 
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of electronic releasing and backscattering inside the bilayer crystals of interlayer 
spacing at the nanometer scale, a strong laser grazing incidence to the materials is 
anticipated to produce the second plateau with photon energy far beyond Ew+3.17 Up, 
and the harmonic yield is hopefully enhanced by adjusting the interlayer spacing and 
wavelength. Distinguished from the atomic-like three-step model as found in a 
pioneering solid HHG study in monolayer h-BN [33], the physical insights of the 
novel four-step model would pave the way to realize the desktop solid-state soft X-ray 
light source. Last but not the least, we note that the essential features of HHG in the 
second plateau are not sensitive to the stacking pattern (see Fig. s3) and the type (see 
Fig. s4) of bilayer materials. We expect that the electron backscattering assisted HHG 
from distant bilayer would be optimized in multilayer array and even more 
complicated infrastructures, which could be fabricated by diverse nanoengineering 
technologies for practical application. 
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Fig. 1. High harmonic spectra from monolayer (green line), bilayer h-BN with 
interlayer spacing d = 40 angstrom (blue line) and d = 70 angstrom (red line). 
 
 
Fig. 2. Schematic HHG processes from (a) the traditional three-step model in 
monolayer h-BN and (b) the four-step model in distant bilayer h-BN. (c) Time 
evolution of the induced electronic density for distant bilayer h-BN. The interlayer 
spacing is d = 40 angstrom and laser parameters are the same as those in Fig. 1. 
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Fig. 3. Time-frequency analyses of HHG from distant bilayer h-BN for (a) d = 40 
angstrom and (b) d = 70 angstrom. The classical ionization and recollision energy 
diagrams for distant bilayer h-BN with interlayer spacing of (c) d = 40 angstrom and 
(d) d = 70 angstrom. 
 
 
Fig. 4. (a) Interlayer spacing dependent HHG. The purple line represents the harmonic 
cutoff calculated by the classical model. The black dash line represents the cutoff in 
the first plateau. (b) The wavelength dependent HHG with fixed interlayer spacing d = 
70 angstrom. The black line represents the cutoff in the first plateau and the red line 
represents the cutoff of trajectory 3 (Tr 3) in the second plateau. 
